We give sharp upper bounds for the ordinary spectral radius and signless Laplacian spectral radius of a uniform hypergraph in terms of the average 2-degrees or degrees of vertices, respectively, and we also give a lower bound for the ordinary spectral radius. We also compare these bounds with known ones.
Introduction
For positive integers k and n with k ≤ n, a tensor T = (T i 1 ...i k ) of order k and dimension n refers to a multidimensional array with complex entries T i 1 ...i k for i j ∈ [n] := {1, . . . , n} and j ∈ [k]. Obviously, a vector is a tensor of order 1 and a matrix is a tensor of order 2.
Let M be a tensor of order s ≥ 2 and dimension n, and N a tensor of order k ≥ 1 and dimension n. The product MN is the tensor of order (s−1)(k−1)+1 and dimension n with entries [10] (MN ) ij 1 ...j s−1 = i 2 ,...,is∈ [n] M ii 2 ...is N i 2 j 1 · · · N isj s−1 , with i ∈ [n] and j 1 , . . . , j s−1 ∈ [n] k−1 . For a tensor T of order k ≥ 2 and dimension n and a vector x = (x 1 , . . . , x n ) ⊤ , T x is an n-dimensional vector whose i-th entry is 
then ρ is called an eigenvalue of T , and x an eigenvector of T corresponding to ρ, see [7, 8] . Let ρ(T ) be the largest modulus of the eigenvalues of T . Let G be a hypergraph with vertex set V (G) = [n] and edge set E(G), see [1] . If every edge of G has cardinality k, then we say that G is a k-uniform hypergraph. Throughout this paper, we consider k-uniform hypergraphs on n vertices with 2 ≤ k ≤ n. A uniform hypergraph is a hypergraph that is k-uniform for some k. For i ∈ [n], E i denotes the set of edges of G containing i. The degree of a vertex i in G is defined as
then G is called a regular hypergraph (of degree d). For i, j ∈ V (G), if there is a sequence of edges e 1 , . . . , e r such that i ∈ e 1 , j ∈ e r and e s ∩ e s+1 = ∅ for all s ∈ [r − 1], then we say that i and j are connected. A hypergraph is connected if every pair of different vertices of G is connected.
The adjacency tensor of a k-uniform hypergraph G on n vertices is defined as the tensor A(G) of order k and dimension n whose (i 1 . . . i k )-entry is
otherwise.
Let D(G) be the diagonal tensor of order k and dimension n with its diagonal entry D i...i the degree of vertex i for i ∈ [n]. Then Q(G) = D(G) + A(G) is the signless Laplacian tensor of G. We call ρ(A(G)) the (ordinary) spectral radius of G, which is denoted by ρ(G), and ρ(Q(G)) the signless Laplacian spectral radius of G, which is denoted by µ(G). For a nonnegative tensor T of order k ≥ 2 and dimension n, the i-th row sum of T is r i (T ) = i 2 ,...,i k ∈[n] T ii 2 ...i k . If r i (T ) > 0, then the i-th average 2-row sum of T is defined as
, which is called the average 2-degree of vertex i of G (average of degrees of vertices in E i ) [12] . For a k-uniform hypergraph G with maximum degree ∆, we know that ρ(G) ≤ ∆ [2] and µ(G) ≤ 2∆ [8] with either equality when G is connected if and only if G is regular (see [9] ). Recently, upper bounds for ρ(G) and µ(G) are given in [12] using degree sequence. In this note, we present sharp upper bounds for ρ(G) and µ(G) using average 2-degrees or degrees, and we also give a lower bound for ρ(G). We compare these bounds with known bounds by examples.
Preliminaries
A nonnegative tensor T of order k ≥ 2 dimension n is called weakly irreducible if the associated directed graph D T of T is strongly connected, where D T is the directed graph with vertex set {1, . . . , n} and arc set {(i, j) : a ii 2 ...i k = 0 for some i s = j with s = 2, . . . , k} [3, 8] .
For an n-dimensional real vector x, let
k , and if x k = 1, then we say that x is a unit vector. Let R n + be the set of n-dimensional nonnegative vectors.
Lemma 2.1. [3, 11] Let T be a nonnegative tensor. Then ρ(T ) is an eigenvalue of T and there is a unit nonnegative eigenvector corresponding to ρ(T ). If furthermore T is weakly irreducible, then there is a unique unit positive eigenvector corresponding to ρ(T ).
respectively) is weakly irreducible if and only if G is connected. For two tensors M and N of order k ≥ 2 and dimension n, if there is an n × n nonsingular diagonal matrix U such that N = U −(k−1) MU, then we say that M and N are diagonal similar.
Lemma 2.5.
[10] Let M and N be two diagonal similar tensors of order k ≥ 2 and dimension n. Then M and N have the same real eigenvalues. Lemma 2.6. [5, 11] Let T be a nonnegative tensor of order k ≥ 2 and dimension n. Then min
Moreover, if T is weakly irreducible, then either equality holds if and only if r 1 (T ) = · · · = r n (T ).
Proposition 2.1. Let T be a nonnegative tensor of order k ≥ 2 and dimension n with all row sums positive. Then
Moreover, if T is weakly irreducible, then either equality holds if and only if
Proof. Let U = diag(r 1 (T ), . . . , r n (T )) and B = U −(k−1) T U. Then T and B are diagonal similar, and thus we have by Lemma 2.5 that ρ(T ) = ρ(B). Obviously,
. Thus
. By Lemma 2.6, we have For a hypergraph G, the blow-up of G, denoted by G 1 , is the hypergraph obtained from G by adding a new common vertex v to each edge. If G is a regular (k − 1)-uniform hypergraph on n − 1 vertices of degree d, then G 1 is a k-uniform hypergraph on n vertices.
We use the techniques in [12] .
Main results
Let G be a k-uniform hypergraph on n vertices without isolated vertices with average 2-degrees m 1 ≥ · · · ≥ m n . By Proposition 2.1, ρ(G) ≤ m 1 . In the following, we give a upper bound for ρ(G) using m 1 and m 2 .
Theorem 3.1. Let G be a k-uniform hypergraph on n vertices without isolated vertices with average 2-degrees m 1 ≥ · · · ≥ m n . Then
Moreover, if G is connected, then equality holds in (3.1) if and only if each vertex of G has the same average 2-degree.
and when G is connected, A is weakly irreducible, and thus equality holds in (3.1) if and only if each vertex of G has the same average 2-degree. Suppose in the following that
, where t > 1 is a variable to be determined later. Let T = U −(k−1) AU. Then A and T are diagonal similar. By Lemma 2.5, A and T have the same real eigenvalues. By Lemma 2.1, ρ(A) is an eigenvalue of A and ρ(T ) is an eigenvalue of T . Thus ρ(G) = ρ(A) = ρ(T ). Obviously,
, and then
with equality if and only if m i = m 1,i and
. By Lemma 2.6,
Now suppose that G is connected. By Lemma 2.3, A(G) is weakly irreducible, and thus T is weakly irreducible since
Suppose that equality holds in (3.1). By Lemma 2.6, r 1 (T ) = · · · = r n (T ). From the above argument, we have (i) m 2 = · · · = m n , and (ii) m i = m 1,i for i = 2, . . . , n. From (ii) and the definition of m 1,i , each edge of G contains vertex 1, which implies that
a contradiction. Thus the inequality (3.1) is strict if m 1 > m 2 .
Let G be a connected k-uniform hypergraph on n vertices with degree se-
with equality if and only if G is a regular hypergraph or the blow-up hypergraph H 1 of a regular (k − 1)-uniform hypergraph H on n − 1 vertices. Obviously, if G is a regular hypergraph, then each vertex of G has the same average 2-degree, and thus equality holds in (3.1) and (3.2). For the blow-up hypergraph H 1 of a regular (k − 1)-uniform hypergraph H on n − 1 vertices, the upper bound in (3.2) is attained, while the upper bound in (3.1) is not attained. However, in the following, we give two examples to show that there are irregular hypergraphs for which each vertex has the same average 2-degree. For such hypergraphs, the upper in (3.1) is attained, while the upper bound in (3.2) can not be attained.
Let H 1 be a 3-uniform hypergraph with vertex set V (H 1 ) = [34] and e 25 = {11, 12, 20}, e 26 = {12, 13, 21}, e 27 = {13, 5, 22}, e 28 = {5, 23, 24}, e 29 = {5, 25, 26}, e 30 = {6, 27, 28}, e 31 = {6, 29, 30}, e 32 = {7, 31, 32}, e 33 = {7, 33, 34}, e 34 = {8, 23, 24}, e 35 = {8, 25, 26}, e 36 = {9, 27, 28}, e 37 = {9, 29, 30}, e 38 = {10, 31, 32}, e 39 = {10, 33, 34}, e 40 = {11, 23, 24}, e 41 = {11, 25, 26}, e 42 = {12, 27, 28}, e 43 = {12, 29, 30}, e 44 = {13, 31, 32}, e 45 = {13, 33, 34}, e 46 = {14, 15, 16}, e 47 = {17, 18, 19}, e 48 = {20, 21, 22}, e 49 = {14, 17, 20}, e 50 = {15, 18, 21}, e 51 = {16, 19, 22}.
By direct calculation, we have Let H 2 be a 3-uniform hypergraph with vertex set V (H 2 ) = [54] and E(H 2 ) = {e i : 1 ≤ i ≤ 64}, where e 1 = {1, 2, 3}, e 2 = {3, 4, 6}, e 3 = {3, 4, 5}, e 4 = {4, 5, 6}, e 5 = {1, 2, 6}, e 6 = {1, 2, 5}, e 7 = {1, 3, 4}, e 8 = {2, 5, 6}, e 9 = {1, 7, 8}, e 10 = {1, 8, 9}, e 11 = {1, 9, 10}, e 12 = {1, 10, 11}, e 13 = {2, 11, 12}, e 14 = {2, 12, 13}, e 15 = {2, 13, 14}, e 16 = {2, 14, 15}, e 17 = {3, 15, 16}, e 18 = {3, 16, 17}, e 19 = {3, 17, 18}, e 20 = {3, 18, 19}, e 21 = {4, 19, 20}, e 22 = {4, 20, 21}, e 23 = {4, 21, 22}, e 24 = {4, 22, 23}, e 25 = {5, 23, 24}, e 26 = {5, 24, 25}, e 27 = {5, 25, 26}, e 28 = {5, 26, 27}, e 29 = {6, 27, 28}, e 30 = {6, 28, 29}, e 31 = {6, 29, 30}, e 32 = {6, 30, 7}, e 33 = {7, 8, 31}, e 34 = {7, 8, 32}, e 35 = {9, 10, 33}, e 36 = {9, 10, 34}, e 37 = {11, 12, 35}, e 38 = {11, 12, 36}, e 39 = {13, 14, 37}, e 40 = {13, 14, 38}, e 41 = {15, 16, 39}, e 42 = {15, 16, 40}, e 43 = {17, 18, 41}, e 44 = {17, 18, 42}, e 45 = {19, 20, 43}, e 46 = {19, 20, 44}, e 47 = {21, 22, 45}, e 48 = {21, 22, 46}, e 49 = {23, 24, 47}, e 50 = {23, 24, 48}, e 51 = {25, 26, 49}, e 52 = {25, 26, 50}, e 53 = {27, 28, 51}, e 54 = {27, 28, 52}, e 55 = {29, 30, 53}, e 56 = {29, 30, 54}, e 57 = {31, 32, 33}, e 58 = {34, 35, 36}, e 59 = {37, 38, 39}, e 60 = {40, 41, 42}, e 61 = {43, 44, 45}, e 62 = {46, 47, 48}, e 63 = {49, 50, 51}, e 64 = {52, 53, 54}.
By direct calculation, we have
and For a k-uniform hypergraph G, if there is a disjoint partition of V (G) as 
Next we give a lower bound for ρ(G) of a k-uniform hypergraph G. Theorem 3.2. Let G be a k-uniform hypergraph with u ∈ V (G) of maximum degree ∆ ≥ 1. Let v be a neighbor of u with maximum degree. Then
where δ is the degree of v, and γ is the number of edges containing u and v. Moreover, if G is connected, then equality holds in (3.3) if and only if G ∼ = G ∆,δ,γ .
Proof. Let e 1 , . . . , e ∆ be the ∆ edges of G containing u. Among these edges, γ of them, say e 1 , . . . , e γ , contain v. Let e ∆+1 , . . . , e ∆+δ−γ be the δ − γ edges of G containing v different from e 1 , . . . , e γ . Let G 1 be the subhypergraph of G induced by {e 1 , . . . , e ∆+δ−γ }.
By Lemma 2.1, there is a unit positive eigenvector x of A(G 
. Thus the entry of x at each vertex of ∪ 
Thus ρ(G ′ 1 ) is the largest root of the equation f (ρ) = 0, where
, then by the above proof, equality holds in (3.3) .
Suppose that G is connected and equality holds in (3.3) . Then all equalities hold in (3.4) and ρ(G) = ρ(G 1 ). Thus by the construction of G In the following, we give upper bounds for µ(G) of a k-uniform hypergraph.
Theorem 3.3. Let G be a k-uniform hypergraph on n vertices with degree sequence
Moreover, if G is connected, then equality holds in (3.5) if and only if G is a regular hypergraph or the blow-up hypergraph of a regular (k − 1)-uniform hypergraph on n − 1 vertices.
, and by Lemma 2.6, we have
, and when G is connected, we have by Lemma 2.3 that Q is weakly irreducible, and thus equality holds if and only if r 1 (Q) = · · · = r n (Q), i.e., G is a regular hypergraph. Suppose in the following that d 1 > d 2 . Let U = diag(t, 1, . . . , 1) be an n × n diagonal matrix, where t > 1 is a variable to be determined later. Let T = U −(k−1) QU. By Lemma 2.5, Q and T have the same real eigenvalues. By Lemma 2.1, ρ(Q) is an eigenvalue of Q and ρ(T ) is an eigenvalue of T . Thus µ(G) = ρ(Q) = ρ(T ). We have Note that h(( Thus by Lemma 2.6,
This proves (3.5). Now suppose that G is connected. By Lemma 2.3, Q is weakly irreducible, and so is T .
If equality holds in (3.5), then by Lemma 2.6, r 1 (T ) = · · · = r n (T ), and thus from the above arguments, we have d 1,i = d i for i = 2, . . . , n (implying that each edge of G contains vertex 1), d 2 = · · · = d n , and thus G is a blow-up hypergraph of a regular (k − 1)-uniform hypergraph on n − 1 vertices of degree d 2 .
Conversely, if G = H
